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Abstract
In the previous papers, in connection with a question of K. Borsuk, we proved that there exist poly-
hedra with polycyclic fundamental groups homotopy dominating infinitely many different homotopy
types. Here we consider a few problems of K. Borsuk concerning infinite chains of polyhedra or
FANR’s ordered by the relation of domination (in homotopy or shape category) and obtain that for
polyhedra with polycyclic-by-finite fundamental groups, there are no pathology similar to the above.
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1. Introduction
In this paper every polyhedron, ANR, FANR and CW-complex is assumed to be con-
nected (only for convenience). We expect that the reader is familiar with the basic notions
and facts of shape theory (see [5,9,25]) and of retract theory (see [4]).
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of all compacta X such that Sh(X) Sh(A).
Let us say that a system consisting of k compacta X1,X2, . . . ,Xk is a chain of length k
for a compactum A if Sh(X1) < Sh(X2) < · · · < Sh(Xk) Sh(A) (Sh(X) < Sh(Y ) if and
only if Sh(X) Sh(Y ) holds but Sh(Y ) Sh(X) fails).
The depth D(A) of a compactum A is the least upper bound of the lengths of all chains
for A. If this upper bound is infinite, we write D(A) = ℵ0.
The above notions were introduced by K. Borsuk in 1979, at the Topological Conference
in Moscow, together with some relevant problems (see [3]).
In [19], answering the most interesting question: Is the capacity of each polyhedron
finite? (see also [8]), we showed an example of a polyhedron dominating infinitely many
different homotopy types of polyhedra (see also [20]). Such phenomena are even frequent:
in [16] we proved that, for every non-Abelian poly-Z-group G, there exists a polyhedron P
with π1(P ) ∼= G dominating infinitely many polyhedra of different homotopy types. Thus,
there exist polyhedra with polycyclic or nilpotent fundamental groups with this property.
Using those examples, we gave also a positive answer to the other question from [3]
(Question (8), see also [8, Problem (6.1)]) stating that there exist polyhedra (with poly-
cyclic fundamental groups) with infinite capacity and finite depth.
We conjecture that while there exist polyhedra with polycyclic fundamental groups and
infinite capacity, every polyhedron with such a fundamental group has finite depth. The
problem, if there exists a polyhedron with infinite depth, remains unsolved.
It is an obvious observation that finite capacity of a given polyhedron implies finite
depth. Let us mention that we showed that all the polyhedra with finite fundamental groups,
nilpotent polyhedra, and some others, dominate only finitely many different shapes (or
homotopy types), see [18] and [17]. It is also known, by the classical results of shape
theory, that the capacity of each 1-dimensional polyhedron is finite.
Observe that a polyhedron P has finite depth if and only if: there exists an integer k such
that each sequence · · ·  Sh(Xi)  · · ·  Sh(X1)  Sh(P ) contains at most k different
shapes (compare [8, Problem (6.1)]).
Here we show that for polyhedra with polycyclic-by-finite fundamental groups there
are no infinite sequences of this kind. This implies the solutions of some questions of K.
Borsuk included in his books [4,5] concerning infinite sequences of shape or homotopy
dominations between FANR’s or ANR’s, for FANR’s with polycyclic-by-finite first shape
groups and ANR’s with such fundamental groups (recall that by the well-known result of
J. West [30], every ANR has the homotopy type of a polyhedron).
In the sequel X  Y will denote that X is homotopy dominated by Y .
Let us remark that by the classical results in shape theory (see [11] or [12]; [9, Theo-
rem 2.2.6]; [10]) there is a 1–1 functorial correspondence between the shapes of compacta
shape dominated by a given polyhedron and the homotopy types of CW-complexes (not
necessarily finite) homotopy dominated by this polyhedron (in both, pointed and unpointed
cases). Hence, if X and Y are two compacta shape dominated by a polyhedron, and
Sh(X) Sh(Y ), then X′  Y ′, for corresponding CW-complexes X′ and Y ′ (respectively),
and conversely. Thus considering questions on shape dominations between FANR’s we
may work in the homotopy category of CW-complexes and homotopy classes of cellular
maps between them. Also in the definitions of the capacity and the depth of a polyhedron
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there is no difference which case, pointed or unpointed, is studied (see [7]).
2. Algebraic preliminaries
Let us recall some definitions (see [27]):
A group G is polycyclic if it has a finite normal series G = G0 ⊇ G1 ⊇ · · · ⊇ Gl = 1,
(Gi G, for i = 1, . . . , l) for which each factor Gi−1/Gi is infinite cyclic or finite cyclic
(this is true for all the finitely generated nilpotent groups, see, for instance, [28, 15.4,
p. 92]).
G is a poly-Z-group if it has a finite normal series with factors Z.
A group G is called polycyclic-by-finite if it is an extension of a polycyclic group by a
finite group, i.e., there exists a polycyclic group H G such that G/H is finite.
It is said that a group G satisfies ascending chain condition (or max-condition) if and
only if every ascending sequence of subgroups of G, G1 ⊆ G2 ⊆ · · · , where Gi = Gi+1,
is finite.
A group G is called residually finite if and only if their subgroups of finite index have
trivial intersection.
Recall that a group G is Hopfian if every epimorphism f :G → G is an automorphism
(equivalently, N = 1 is the only normal subgroup for which G/N ∼= G).
Let R be a ring. A right R-module M is said to be noetherian if every R-submodule
of M is finitely generated, equivalently, M satisfies ascending chain condition, i.e., every
ascending sequence of submodules of M : M1 ⊆ M2 ⊆ · · · such that Mi = Mi+1 is finite
(compare [26, p. 419], or [22, Chapter VI,1]).
We call a ring R noetherian if it is a noetherian module as a left module over itself.
A module M is called Hopfian (see [14]) if every epimorphism f :M → M is an iso-
morphism (equivalently M is not isomorphic to a proper quotient of itself).
3. Main results
Let us begin with the following:
Lemma 1. Assume that G is a polycyclic-by-finite group. Let
G = G0 → G1 → ·· · → Gi → Gi+1 → ·· ·
be a sequence of groups with epimorphisms fi :Gi−1 → Gi , for i = 1,2, . . . , then there
exists an integer i0 such that for i > i0, fi is an isomorphism.
Proof. Assign to each group Gi a normal divisor Ni  G such that Ni = ker si , where
si = fi · · ·f2f1 :G → Gi (i = 1,2, . . .).
Consider the following sequence of subgroups of G
G ⊇ · · · ⊇ Ni+1 ⊇ Ni ⊇ · · · ⊇ N1.
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(5.4.12), p. 152], hence there exists an integer i0 such that Ni+1 = Ni , for i  i0.
Then for i  i0, we have Gi+1 ∼= Gi . Every subgroup of a polycyclic-by-finite group is
a group of this kind. Moreover, it is known that every polycyclic-by-finite group is Hopfian.
Indeed, by the result of Hirsch, every polycyclic-by-finite group is residually finite (see [27,
(5.4.17)]), and by the result of Malcev, if a finitely generated group G is residually finite,
then it is Hopfian (see [23,15]). Obviously, an epimorphism between isomorphic Hopfian
groups is an isomorphism.
Therefore, for every i > i0, fi :Gi−1 → Gi is an isomorphism. This ends the proof of
the lemma. 
In what follows we will also use the following:
Lemma 2 (See [29, the proof of Theorem A, implication (ii) ⇒ (i), p. 60]).
Let X  P , where P is a finite CW-complex, then there exists a finite CW-complex P ′
such that X  P ′ and π1(P ′) ∼= π1(X).
Proof. Assume that X  P and P is a finite CW-complex. Then, by attaching finitely
many 2-cells, we may change P into a finite CW-complex P ′ such that X  P ′ and
π1(P ′) ∼= π1(X).
Indeed, without loss of generality one can assume P to have just one 0-cell. Let P(P ) =
〈gi | rj 〉 be a presentation of π1(P ) in which the generators correspond to the 1-cells of P
and the relations are given by the attaching maps of the 2-cells of P .
Let P ′ = 〈gi | rj , g−1i ωi〉 be a presentation which is obtained from P(P ) by adding
one new relation g−1i ωi for each generator gi of P(P ), where ωi is the following word
on generators of P : If j :π1(X) → π1(P ) and r :π1(P ) → π1(X) are homomorphisms of
fundamental groups induced by a map converse to the domination P  X and this dom-
ination (respectively) and p is a natural epimorphism of a free group on generators {gi}
on the group π1(P ), then for each i, there exists a word ωi on the generators {gi} such
that jrp(gi) = p(ωi). One can see that P ′ is a presentation of π1(X) (see [29, the proof of
Lemma 1.3, p. 60]).
Let P ′ be a CW-complex naturally corresponding to the presentation P ′. Since all of
the relations g−1i ωi hold in π1(X), a given domination of P over X can be extended to P ′.
Thus X  P ′. 
In what follows, X˜ will denote, as usually, the universal covering space of X.
Let f :X → Y be a cellular map of CW-complexes such that f (x) = y, for vertices
x ∈ X, y ∈ Y . Choose x˜ ∈ p−1(x), y˜ ∈ p−1(y) (where p denote the projections). Then
there exists a unique map f˜ : X˜ → Y˜ such that pf˜ = fp and f˜ (x˜) = y˜. The map f˜ induces
homomorphisms f˜k :Hk(X˜) → Hk(Y˜ ), for k = 1,2, . . . , and we say that f˜k is induced by
f (see [13, p. 107]).
Theorem 1. Assume that P is a polyhedron with polycyclic-by-finite fundamental
group π1(P ). Let P = X0,X1,X2, . . . be a sequence of CW-complexes with maps
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morphisms Hk(X˜i−1) → Hk(X˜i), for k = 2,3, . . . . Then there exists an integer i0 such
that for i > i0, fi :Xi−1 → Xi are all homotopy equivalences.
Proof. Let π1(P ) ∼= G. By Lemma 1, without loss of generality, we may consider a se-
quence in which homomorphisms fi :Xi−1 → Xi , for i = 2,3, . . . , induce isomorphisms
of fundamental groups π1(Xi−1) → π1(Xi). Let π1(Xi) ∼= H , for i = 1,2, . . . , where H
is a subgroup of G.
Since H is a polycyclic-by-finite group, ZH is a noetherian ring (P. Hall proved that if
H is a polycyclic-by-finite group and R is right noetherian ring with identity, then the group
ring RG is right noetherian (see [27, p. 446, (15.3.3)]). Hence every finitely generated ZH -
module is noetherian (see [22, Chapter VI]). Then any submodule of a finitely generated
ZH -module is also finitely generated.
Recall that for every finite CW-complex L, the kth chains in the cellular complex of
the universal cover L˜, Ck(L˜), have a structure of a finitely generated module over Zπ1(L)
with the basis corresponding to the k-cells of L (Whitehead [31], or see, for example, [6,
Chapter 2, p. 28]).
Then Hk(L˜) is also a finitely generated Zπ1(L)-module. Indeed, since Zk(L˜) is a
submodule of Ck(L˜), then Zk(L˜) is a finitely generated Zπ1(L)-module. Thus Hk(L˜),
a quotient module of Zk(L˜), is also a finitely generated Zπ1(L)-module.
Therefore the Hk(X˜i), for i = 1,2, . . . , are all finitely generated as ZH -modules.
Indeed, by Lemma 2, we may replace P by a polyhedron P ′ with π1(P ′) ∼= H .
This is also a corollary to Theorems A and B in [29] which imply that if ZH is a
noetherian ring, then for every CW-complex X with π1(X) ∼= H which is dominated by a
polyhedron, all the ZH -modules Hk(X˜) (for k  2) are finitely generated.
Let f˜i : X˜i−1 → X˜i be the lifting to the universal covers of fi :Xi−1 → Xi .
For i = 1,2, . . . , take Ai = Hk(X˜i) and consider a sequence of ZH -modules
A1 → ·· · → Ai → Ai+1 → ·· ·
with epimorphisms f˜i∗ :Ai−1 → Ai induced by f˜i : X˜i−1 → X˜i , for i = 2,3, . . . . We will
show that there exists an integer i0 such that, for i > i0, f˜i∗ :Ai−1 → Ai are all isomor-
phisms.
To do this, assign to each ZH -module Ai , for i = 2,3, . . . , a ZH -module Mi = kerki∗,
where ki∗ = f˜i∗ · · · f˜3∗f˜2∗ :A1 → Ai . Then
· · · ⊇ Mi+1 ⊇ Mi ⊇ · · · ⊇ M2
constitute an ascending sequence of ZH -submodules of A1.
The ZH -module A1 is noetherian, hence there exists an integer i0, such that Mi+1 =
Mi , for i  i0. Therefore also Ai+1 ∼= Ai , for i  i0.
Since every finitely generated noetherian module is Hopfian (see, for example, [14,
Proposition 6]), f˜(i+1)∗ :Ai → Ai+1 are all isomorphisms, for i  i0.
Thus, for each sequence of CW-complexes P = X0,X1,X2 . . . , where P is a poly-
hedron and π1(P ) is polycyclic-by-finite, with homomorphisms fi :Xi−1 → Xi , for i =
1,2, . . . , satisfying the assumptions of the theorem, there exists an integer i0 such that
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k = 2,3, . . . .
By the Whitehead Theorem (see, for example, [13, Theorem 3.1, p. 107]), if X and Y are
CW-complexes and there exists a map f :X → Y inducing isomorphisms π1(X) → π1(Y )
and Hk(X˜) → Hk(Y˜ ), for all k = 2,3, . . . , then f is a homotopy equivalence. Thus the
proof is complete. 
Therefore we obtain:
Corollary 1. Assume that P is a polyhedron and P = X0,X1,X2, . . . is a sequence of
spaces with dominations di :Xi−1 → Xi and converse maps ui :Xi → Xi−1 (i.e., diui 
idXi ), for i = 1,2, . . . . If π1(Xi) of some Xi in this sequence is polycyclic-by-finite, then
there exists an integer i0 such that for i > i0, di and ui are all homotopy equivalences.
Proof. Without loss of generality, each Xi may be assumed to be a CW-complex, not nec-
essarily finite (by the known results of J.H.C. Whitehead, each space homotopy dominated
by a polyhedron has the homotopy type of some CW-complex, see also [29]). Applying
Theorem 1 and Lemma 2 we obtain that there exists an integer i0 such that for i > i0,
di :Xi−1 → Xi are all homotopy equivalences.
Then for i > i0, ui :Xi → Xi−1 induce also isomorphisms π1(Xi) → π1(Xi−1) and
Hk(X˜i) → Hk(X˜i−1), for k = 2,3, . . . . Hence by the Whitehead Theorem, for i > i0, ui
are also homotopy equivalences and the proof is finished. 
Remark. Let X and Y be FANR’s, x ∈ X, y ∈ Y , and f :X → Y be shape equivalence
(domination). Then there exists a pointed shape equivalence (domination) f : (X,x) →
(Y, y) equal to f if the base points are omitted (by [7, Theorem 5.1]).
Corollary 2. Assume that (X1, x1), (X2, x2), . . . is a sequence of FANR’s with shape dom-
inations d i :Xi−1 → Xi and converse shape morphisms ui :Xi → Xi−1 (i.e., d iu i =
idXi ), for i = 2,3, . . . . If πˇ1(Xi, xi) of some (Xi, xi) in this sequence is polycyclic-by-finite, then there exists an integer i0 such that for i > i0, d i and ui are all shape equiva-
lences.
Proof. According to the remark in the Introduction, we may consider CW-complexes (not
necessarily finite) corresponding to the FANR’s Xi . Then we apply Corollary 1. 
4. On some problems of K. Borsuk on infinite sequences of retracts
In his monograph [5] K. Borsuk stated the following questions (see also [8]):
Problem 1 [5, Problem (8.2), p. 285]. Is it true that if X1,X2, . . . ∈ ANR’s and Xi+1 is a
retract of Xi , for i = 1,2, . . . , then⋂Xi ∈ FANR?
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ANR’s such that Xi+1 is a retract of Xi , there exists an index i0 such that Xi+1 is a defor-
mation retract of Xi , for i  i0?
With the assumption that π1(Xi) is polycyclic-by-finite for some Xi , the answer to any
of these two questions is affirmative. In fact, applying Corollary 2, we obtain more:
Corollary 3. Assume that (X1,∗), (X2,∗), . . . is a sequence of FANR’s such that Xi+1 is
a fundamental retract of Xi and πˇ1(Xi,∗) of some (Xi,∗) in this sequence is polycyclic-
by-finite. Then there exists an index i0 such that Xi+1 is a fundamental deformation retract
of Xi , for i  i0.
Proof. Let (X1,∗), (X2,∗), . . . be a sequence of FANR’s such that Xi+1 is a fundamental
retract of Xi and πˇ1(Xi,∗) of some (Xi,∗) in this sequence is polycyclic-by-finite. By
Corollary 2, there exists i0 such that for i  i0, the fundamental retraction between Xi and
Xi+1 and the converse shape morphism induced by the inclusion Xi+1 ⊂ Xi are both shape
equivalences. Thus, for i  i0, Xi+1 is a fundamental deformation retract of Xi . 
Note that a fundamental deformation retraction between two ANR’s is a deformation
retraction. K. Borsuk [5, Chapter 8, Theorem (8.1), p. 285] stated that if X1,X2, . . . is a
sequence of ANR’s such that Xi+1 is a deformation retract of Xi , for every i = 1,2, . . . ,
then
⋂
Xi ∈ FANR. As a consequence of Corollary 3 we also obtain:
Corollary 4. If (X1,∗), (X2,∗), . . . ∈ FANR’s such that Xi+1 is a fundamental retract of
Xi and πˇ1(Xi,∗) of some (Xi,∗) is polycyclic-by-finite, then⋂Xi ∈ FANR.
Proof. By Corollary 3, there exists an index i0 such that, for i  i0, Xi+1 is a fundamental
deformation retract of Xi . K. Borsuk showed that if X1,X2, . . . ∈ FANR’s such that Xi+1
is a fundamental deformation retract of Xi , then
⋂
Xi ∈ FANR [2, Corollary (4.26)]. This
ends the proof. 
5. On some problems of K. Borsuk concerning two ANR’s and FANR’s
The questions of this section were posed by K. Borsuk in his books on shape theory [5]
and on retract theory [4] (see also [8]):
Problem 3 [8, Problem (2.6)]. Do there exist two FANR’s X and Y such that Sh(X) 
Sh(Y ), Sh(Y ) Sh(X) and Sh(X) = Sh(Y )?
Problem 4 [4, Chapter IX, (12.7)]. Do there exist two ANR’s X and Y such that X  Y ,
Y X and X  Y ?
Applying Corollaries 1 and 2, we obtain that such examples could not exist among
FANR’s or ANR’s whose first shape group or fundamental group, respectively, is
polycyclic-by-finite.
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Sh(X) Sh(Y ) and Sh(Y ) Sh(X) implies that Sh(X) = Sh(Y ).
Proof. We apply Corollary 2. 
Theorem 3. Let X,Y ∈ ANR and π1(X) be polycyclic-by-finite. Then X  Y and Y X
implies that X  Y .
Proof. This is a consequence of Corollary 1 or Theorem 2. 
Theorem 4. Let X ∈ FANR and πˇ1(X,x) be polycyclic-by-finite, for some x ∈ X. Then
every shape domination h :X → X is a shape equivalence.
Proof. We obtain it by Corollary 2. 
Theorem 5. Let X ∈ ANR and π1(X) be polycyclic-by-finite. Then every homotopy domi-
nation h :X → X is a homotopy equivalence.
Proof. This follows from Corollary 1 or Theorem 4. 
Recall the following definitions:
Definition 1 (S. Mardešic´, J. Segal, see [24]). Let X and Y be two compacta. X is said to
be Y -like, if for every ε > 0 there exists a continuous map f of X onto Y such that, for
y ∈ Y , the diameters of all sets f−1(y) are less than ε.
Definition 2 (K. Kuratowski, S. Ulam, see [21]). Two compacta X and Y are quasi-
homeomorphic if X is Y -like and Y is X-like.
K. Borsuk proved that there exist two quasi-homeomorphic compacta of the different
shapes (see [5, p. 231], [1]) and posed:
Problem 5 (See [5, Problem (12.7), p. 233]; see also [8]). Is it true that the shapes of two
quasi-homeomorphic ANR’s are necessarily equal?
By the previous results of this section, we obtain:
Theorem 6. Let X,Y ∈ ANR and π1(X) be polycyclic-by-finite. If X and Y are quasi-
homeomorphic, then X  Y .
Proof. We apply the result of Borsuk [1, Theorem (2.1)] that if X and Y are two compacta,
Y ∈ ANR and Y is X-like, then Sh(Y ) Sh(X) (see also [5, (12.6) p. 233]). Thus X  Y ,
and Y X, and our claim follows from Theorem 3. 
Let us finish with the conjecture that each polyhedron P whose fundamental group
π1(P ) is polycyclic-by-finite has finite depth D(P ):
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Then there exists an integer k such that each sequence
· · ·Xi+1 Xi  · · ·X2 X1  P
contains at most k different homotopy types.
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